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Correlation Functions of Infinite System of
Interacting Brownian Particles; Local in
Time Evolution Close to Equilibrium
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The time-dependent correlation functions of infinite nonequilibrium systems of
interacting diffusing particles are obtained in the thermodynamic limit in the
case when the initial correlation functions coincide with the equilibrium correla-
tion functions of the Gibbs system in an external field.
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1. INTRODUCTION

Evolution of Brownian particles interacting via a pair potential ¢ may be
described by a gradient system of stochastic differential equations

(1) = 2 (VO)(xi = %)+ B2y (1) (L)

ik
where x,(7) is a three-dimensional position vector of a particle labeled by /,
{w;()}7_, is a sequence of independent d-dimensional Wiener processes,
and B 1s the inverse temperature,
oy = HEL (200 d90) de)
dx ax' T oax? 7 ooy

The solution of (1.1) can be obtained for bounded smooth potential by
standard methods of probability theory.
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An important problem of statistical mechanics of nonequilibrium
systems is to construct solutions of (1.1) in the limit of an infinite system
(n— o).

The first results concerning the problem was obtained by R. Lahg'?
for smooth, short-range potentials.

Evolution of n-particle system of interacting Brownian particies can
also be described by the Smoluchowski equation which is the forward
Kolmogorov equation for (1.1) for the probability density

BpO(xl,...,xn,t)=éi ﬂ_lapo(xl,...,xn,t)
at j=18xj axj

n )
F (X5 e ey Xy 1) Zl(ch)(x,. - xj)i
ot
(1.2)
This equation approximates evolution of a mechanical system of two
kinds of particles.® A discussion of rigorous results concerning the diffu-
sion approximations can be found in Refs. 4 and 5.

To evolution of an infinite system there corresponds a hierarchy of
equations for correlation functions

00(X15 -« vy Xy s t)
at
- i 3 ) g1 00(X1s X 1)
= axj axj

+ po( X1, X, 5 1) ; (V)(x; — x;)

i)
+fR3(V¢)(xj— X DO(X1s -+ o2 Xy 1 0) A%yt (13)

The hierarchy plays the role of the forward Kolmogorov equation for
the infinite stochastic gradient system and it was derived in Ref. 6 for
thermodynamic limit of a sequence of canonical correlation functions.

A natural candidate for a solution of (1.3) is thermodynamic limit of a
sequence of grand canonical correlation functions p*(x,, ..., x,,,7) of a
system enclosed in a compact domain A.
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These functions have the following representation:

pA(xl, e Xy )=ENY ;1'— Ay @y Po(Xys ey Xy s D)
n>0 "t JA”
(1.4)
5A=n§0 n_lv Anabc1 Ceedx, po(Xy, ., X0 1)
where py(x,, . . . , X,,?) is a bounded solution of (1.2) in R>".
To simplify the matter we do not demand that py(x,,...,x,,?)

satisfies a boundary conditions at the boundary of A.

In this paper we consider the problem of thermodynamic limit for the
correlation functions pA(xl, ..., X,,t) when initial correlation functions
oo(X1s - . -, x,) corresponds to the equilibrium state with a polynomially
decreasing potential ¢(x) perturbed by an external field g(x) (see also Ref.
7). A similar problem was considered for one-dimensional mechanical
systems in (8, 9).

We obtain for p™(xy, . .., x,,.7) a series in powers of the activity 2,
prove that the series converges in a domain independent of A and perform
the thermodynamic limit (A —> R®) in every order of the perturbation series.

We start from a simple fact that (1.2) is connected with a heat
equations, i.e., a parabolic equation whose right side contains a sum of
derivatives of the second order (the 3rn-dimensional Laplacian) and a
multiplicative term which can be interpreted as a potential energy with a
pair and a three-body potentials. To get a solution of (1.2) one has to
multiply a solution of the heat equation by an exponent of minus one half a
potential.

It is known that the Cauchy problem for the heat equation is solved by .
the Feynman-Kac formula. Since the initial distribution is taken by us to
be a Gibbs distribution characterized by a pair potential and an external
field we obtain a solution of (1.2) as an integral over the Wiener measure
concentrated on path starting from (x,, ..., x,) of an exponent of two
terms. The first term has a structure of a potential energy with a pair
potential and the second has a structure of a positive potential energy with
a three-body potential. The potential is stable if both ¢(x) and (—Ad)(x)
are stable. We assume that the last condition is satisfied. As a consequence
we have

Po(Xys -5 Xy, 8) < E7(D) (1.5)

As a next step we introduce a sequence of new three-dimensional paths and
a complex pair potential representing an exponent of the three-body term
as a characteristic functional of the Wiener measure concentrated on
3n-dimensional paths starting from the origin. The obtained expression for
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correlation functions resembles an expression for grand canonical density
matrics of quantum systems.('® By analogy with an algebraic tech-
nique!'%"Y valid only for such systems with a pair potential we derive our
perturbation series for correlation functions and obtain the necessary
estimates.

2, MAIN CONDITIONS AND FORMULATIONS OF THE RESULT

We assume through our paper that the potential ¢(x) satisfies the
following conditions:

(C.1) The function ¢ is bounded and it has bounded partial deriva-
tives up to the third order.

(C.2) The functions ¢, —Ag satisfy the stability conditions

> $(x—x)> —Bn, 2 (CA)(x,—x)> —bn, A=V?

I<i<j<n l<i<j<n

(C.3) There exists a bounded, monotone, integrable in R*® function

o(|x|) such that w(|x]) > (1 + |x)* and
lo(x)] < cw(x]),  |(Vo)(x)| < ca(lx]),  |Ad(x)| < co(|x])

. Itis clear that (C.1) and (C.2) are satisfied if the Fourier transform
o(k) of the function ¢ is positive and it belongs to L*R>, |k|* dk).

We shall also consider the solutions of (1.2) that in the initial moment
look like the following:

(CA) polxys .- x) =exp{—=BU(x), ..., x,) = BT 19(x)} Z"
where U(x), .. ., x,) = 3| cicj<n9(x; — X;) and the external field ¢(x) is a
bounded below measurable function: ¢(x) > — q,.

Theorem. If the potential ¢ in (1.2) satisfies (C.1)-(C.3) and the
initial distribution p, satisfies (C.4), then there exist a bounded continuous

function p,(x,, ..., x,,|x,, ..., x;) and positive entire function k(z) such
that k(¢) ——> oo,
t—> o0
sup | o (s oy X | X5 oo X)) dx] L. L dxy,
XJ-ERS n
< nlexp{(m + n)k(?)} (2.1
pA(xl, cee s Xy 1)
?n+m
=3 Py f dxy . ..dxpp (X1, X, X1, 000, x) (22)
n>0 . A"
Corollary. The correlation function p(x,, . .., X,,,t) is an analytic

function of the activity in the domain | 2| < exp{ —k(#)}.
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The associated infinite volume correlation functions

h

P(X1s ooy Xy l) = > -;12' LAXT, e p (X X [ X X))
nz0 LR

2.3)

are analytic functions of the activity in the domain | 2| < exp{ — k(?)}

3. CONSTRUCTION OF p,(x,, ..., x,| X}, ..., x)

It can be easily checked that the function o(X,, ) = exp{(8/2)U(X,)}
po(X,,1) (by a capital letter indexed by n we denote an element of R*")
satisfies the heat equation

do(X,. 1) _ (&
— - B‘( > Ao(X,. 1)+ V(X,,)o(X,,,t)) (3.1)
j=1

where
VX—‘BHAUX—ﬂznVUX
(n)—_z_zlj (X2) “‘2“2( )(X,)
i= j=1
3
9 ( 3 3 2 )
A= -0 y=(20 0 9}  (yyp=
/ ugl E)()cj”)2 J ale asz 8xj.3 ( ) ax 8x

The heat equation (3.1) is solved by the Feynman—Kac formula. Hence this
formula permits to solve (1.2).

Proposition (3.1). Let P, (dZ) be the Wiener measure on the space
{1, of three-dimensional paths. If the potential satisfies (C.1) and the initial
distribution py satisfies (C.4) then the unique solution to the classic Cauchy
problem of the Smoluchowski equation (1.2) is given by

oK)= 27 [ Py (dzn)exp{ —BU(X,.Z,) - B3 o(5(8 -1r))]
2 j=1

(3.2)
where
P, (dZ )— HP )
j=1
= X, — X;, 2, — Z; —'[i S ! U)? T))dar
( n? n) 1<i§j<n¢t( i Rt j)+ 4 jgl‘f(; (VJU) (Zn( ))d
(3.3)

—1. 3
o(x2) =3[6() +o(z(B)] + [T (—he)z(n)dr= 3 9,,(x.2)
Jj=1
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The “potential” ¢,(x, z) satisfies the stability condition
> &(x—x.z,—2z)>-nB, B =B+i"'b (34)

I<i<j<n
From (3.4) we get (1.5).

The last term at the right side of (3.3) has a three-body structure. Now
let us transform the Gibbs factor containing this term as

ex—'g—zntﬂ—l.szr
p{ 4 ng'f(; (VJU) (Zn( ))d}

— { S B
_ngP(dQn)exp{ 5 Bglfo (VjU)(Zn(T))dqi(T)}

where P(dQ,) = [[}- P (dq;) is the Wiener measure on {; concentrated on
the paths starting from the origin, the differential dg(r) of the Wiener path
q(7) defines a stochastic measure.

As a result we obtain for py(X,,?) the following representation:

po(X, 1) = 2" [ Py, (4Z,) P (40, )exp{ ~ BU,(X, . Z, . Q)

X exp{ B8 2 e(z(B ') )} . (3.5)
where

U( no naQn)_' z ¢t(xk—‘xj’zk—-zj|qk’qj)

I<k<j<n
b5zl 0g) =o(n) + 1 [P (T8)E0) (@) - di')

= qb,(x,z) + 4)[,4()6,2 | q, q/)’
3

do .,
(Vo)) dg(r) = 3 5Edg’(7)
Now the correlation functions p™(X,,, t) look like

A(Xm’t)=f PXm(dZm)P(de)ptA(Zm7 m > Qm)

(3.6)

n+m

pl( mo m’ _“Alz

n>0

fxndxnfggnp x; (4Z;) P (dQy,)

Xexp{—,BU(X X Zplys QnQn)

—Bf'é:-:l(p(zj(ﬁ —lt)) - ﬁjél(p(zj(ﬂ _lt))
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The function p*(X,,,Z,., Q,) has the structure of a grand canonical

correlation function of a Gibbs system with a complex two-body potential.
With the help of the standard algebraic technique we obtain for

p(X,,,t) a formal perturbation series (2.4) with p,(X,, | X,,) given by

PXn 1 X0) = [ P (42,) P (40,) P (4Z) P (dQ)
X DX Zps O X0 2, OF)
Xexp{—ﬁzlq)(zj(ﬁ"'t)) ,BZq)( (,6"1 )}, (3.7
P

where 0,(X,,,Z,,, 0.1 X.,Z,, Q,) satisfies the relauon

0( X > Zs Ol X0 2y, O)

= eXp{—IB;_%(’C Xk 52 ZkIQk’q/}

i=j

X > K(X,Z, 91X[y,Z{,,0(,)
(s} (L, n)

X 0 Xy X {5y »Zim(yLisy » Cmij) Q5 | X sy s Qms))
(3.8)
pt(Xm ’Zm ’ Qmiq)) = exp{ —BU(Xm ’Zm ’ Qm)}

The summation in (3.8) is performed over all subsequences {s} of the

sequence (1,...,n), {nm\s}=(1,...,0\{s}, m(j)=(l,j—1,j+1,
.,m), a capital letter indexed by {s} denotes a sequence of three-

dimensional variables indexed by the elements of the sequence {s},

K(x,z,qu,{,Z,,’,Qn)—H(eXP{ Bo(x = x/,z— 2| q.q))} — 1)

Lemma. If the conditions (C.1), (C.2), (C.4) are satisfied then there
holds the inequality

sup dX’p,( | X))

x €R’

< n! [exp{4ﬁB + 2B} z

(s pf X, K(X ]x))2}(m+")/2

(')
(3.9)
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where
KX, |x)= [ Px(dZ)P(dq) [T [ Py (4Z;) P(dQ;)
Q5 j=1 Q3

*lexp{ =B (x = %2 = ] g.9)) — 11

Proof. Let us put

P i(Xon Zos Qu) = [ A3 [ Py (4Z0) P ()

XN X s Zos Ol X s 27, O,
022X s Zo s Q| X pseamy) = Lk_;PXMW (4Z (om)) P (dQ (10vm))
3

X lptﬁ(Xk L O k>m

ledin= sup [ Py (dZ,)P(dQ0) Xy . Zpr. O)
ijR3 L

From (3.7) (C.4) and the Schwartz inequality it follows it is sufficient
to prove the following inequality:

. Spt1 / , Ly Mt
0o < 1! [exp{4B, } pg() (p!)z (xseuwgprBPpr K(X,| x)) } (3.10)

To prove this inequality we utilize the gedmetric mean of (3.8)
pe( X Z s Ol X 2,0 Q1)

= exp{ —2BU,(X,,Z,> Q) }

m
XI5 K55 01Xy 2y 0in)

j=t\isya@,. .., n)

X 0 (X X (5 5 Zm Z{sy > Qi Qs |

1/m
X{/n\s} ’Zin\s} ’ QEn\s))} (311)

We shall prove (3.10) with the help of induction. Assume, that (3.10) holds
for m + n = k. Now we are going to prove that the same inequality holds
form+n=k+ 1.
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By integrating (3.11) and applying the Holder and the Schwartz
inequalities we get

(pt’n(Xm i Zm > Qm)

< exp{2fB,}
<1l { "

s=o Pl(n—p)!

< [Py (42) PG K (35501 %, 7 0

1/m
X Iptln’p(Xm(j)Xp/’Zm(J) P’ Qm(j) QP )}
< exp{2BB,) H { > R (n—p)' fRBa’XI;K(xj,zj,qlelj)
1/m
X 0uln—p 2Ky > Zoni > oy IXP,)}

P
K(x2,9]X,) = I_IIK(x,z,qus’)
K*(x,z,q|x) =meX,(dz’)P(dq’) lexp{ — B, (x — x',z — 2’| q.q")) — 1

From elementary inequalities it follows that

ol Xom + Zpn » < exp{48B, }
[ mtaterne
ngl { pg()( pH(n—p) )

><UR3PdX,;K(xj,zj,quX1;)

5 \/m
<Pleeps 2o 0o 157
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Applying once more the Holder and the Schwartz inequalities we obtain

ipz&,l(Xm ) ‘

m " (p+1/2 \?
< exp{4ﬁB,}J£[1 { Eo( %) I Pr(42,) P(40,)

U X, K(x.2.4| X;)

I/m
2
X1erln=p2(Km sy » Zmipy » Qi p | Xy )} }

al20r /2 \? ,
m—(n“p),) [ A% aX fPX (dz) P (dQ;)

< exp{48B,) H { > (
X K(x52 451 X, )K (%, 2451 X))

X Xon (d "(J}) P (de(ﬁ)

0m= n

X0 = p 2 Ko jy > Zmiy » Comi ) [ X))

1/m
XIpt ~p2( m( )} m(])’Qm(j)iX”)}

al 2p+D/2

< exp{4BB,) H { Z (W)Z RedeI;d v
o { P (42) P (42 K237 1X))
Xfﬂ;)s(dzj)f'(dqj)KZ(’%‘»";ﬂ%”!)
X Jagon- P (A2 ) P (4D 1)
X Vol p2 (X + Zoniy » Qi 1 %7

X (AZ, ) P (4O )

g%(m l) "'(/)

12 /m
Xipln pz( m(j) m(])’Qm(J)EX”)} }
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Hp+h)/2 )2

< exp (4B, }(n') 2 (—W

2
x JR¥

X {sup ax, [_{%Px (dz)P(dq)Kz(lx,z,q[Xp)}l/z}

X |Ipt“i—p,m+p-l
Thus (3.10) holds for m + n = kif itholds form + n =k + 1.

4. MAIN ESTIMATES; DEFINITION OF K(¢)
Let us consider K(X, | x). From the Holder inequality and the equality

exp{—ﬁél¢,,,-]=él(exp{—ﬁ¢,,j}—l)exp[ B Z m}

"]+

we get [the functions ¢, ; are defined by (3.3) and (3.5)]

B 4
K(X,|x)< exp{ n( 5 blo + t]A¢]O) > 11 Kjl/3(X{,,j) [ x),
(m) () j=1
Uin)=q,..., n)
4.1y
K000 15) = [ Potae) P ag) TT [Py (42) P (dg) lexp = By = 11
(4.2)

Proposition (4.1). There exists a constant w, > 1 such that

Ka(X, | x) < ( B cheXp{ Slelo+Lip- })6n%/(xn — %)

| | “
roof 1z B - X;

H(X,) =f93P(dz)j£Ilw ( ( 2) )

Ky(X,|x) < (ﬁcwoexp{ t1Agl, + %tﬁ “})Mts”%(Xn - x) ”

KX, |x) < ( B3 6cwoexp{%- 8- })6"12"n3"%(xn—x) (4.5)

%(X,,)=n!f

O<rmy< - -+ <t
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Proof. The inequalities (4.3) and (4.4) follow from (C.3) and the
inequalities (4.6),

lexp{x} — 1} < |x|exp{|x|}, (folzp(q')dq') < tP‘l‘L’,_PP(q—)dT

Applying the Holder inequality and the inequalities |exp{ix} — 1| <2 |x|,
(a + b)' < 2"(a” + b") we obtain

KX, |x)< B fﬂ 3Px (dz)jgl fg JPXJ (dz)
o { [P ) P g oz = 510,90

<(23)6"2fp (dz) fP (dz))
6ny /"

X { [P (3 [ T - 5] }

From the well-known formulas

LP(dq)(fotf(T)dq('r))zn= (2:!)! (j(;tfz(T)dT)n 37" < nt < n”

it follows that
K(X,] x) < 28571293 2"f P, (dz) f"*"df
=170
X [ P, (dz) (V)"(lz(r) = (7))
3
To derive (4.5) it is sufficient to take into account the following inequality:

2@ (i=(B ) = xl) = [ P70ty — XD

< exp{2:B~ }wow ( I ) (4.6)

Now let us prove (4.6).
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The monotonicity of w(|x|) and exp{(—|x|*/4£)B} with (C.4) gives

(4ﬂf)‘3/2fRﬂy exp{ - E_)%_y_l B }wﬁ(iyl)dy
< exp{ ~ % B }Jl‘yKIXI/Zdy (4771)—3/2exp{ — i;ty B } wé(l)’l)
wé( —];—I )flyl>r)c!/2dy (4771)'3/2exp{ - ]x4—tyl B }
AR o041

x sup exp( — &} (14 g)“}

peER’

x|

< (14 lula2") exp (208 )0 )

Proposition (4.2). There hold the inequalities

dX, 2 Vo(X,) <(2%wl)) woexp{ } (4.7)

37

3
1/6 10 :8;1
[ d5,71/5K, ) < (2" eljon) twoexp{ —3—} ol = [ ()
(43)
Proof. Let us make the change of a variable y — X, =)’ in the
expression for 27" (X,) and split R into two domains | y| < lX - X,_1l/2,
|y| >1X,— X,_;|/2. In the first domain w®(jy—X,_, + X ]/2)
%X, — X,_,|/4) and in the second domain w6(|y]/2) < w6(]X,, -
Xn~1l/4)'

Taking into account these inequalities

X - X, | Iy
H(X,) < G(LL__"__’) P 6(_y_)
o)< 4 fm«x,,—xwl/zyw 2

- X - X
+ dyw6< ‘.y n n-l‘ )}
9> X=X, 11/2 2

o Cak AL JP )
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Integrating over R* and making an inverse change of a variable y + X,
=y, we get

: X, — X, , |
H(X,) < wﬁ( l——"—z—”——i )(%/(Xn_l) + H(X,_2,X,))

This inequality and the inequality (4.6) give (4.7).
Let us put now

‘%”ap(Xk—l l X)
= P _ —1
- n!fo<n< s del . drexp(2(r, — T )B ')

<[ e e 25

R3(k — 1)
k=l - ; ‘ybxl ’.yx— —‘Xl
x [ P7 T’f'(b’j—yj—ll)“’é( ’ 3 . )"’6( :DH )

j=2 2

Applying the same argument as in the case of 2# (X,) we obtain
‘%(Xn) < wg‘%n,l(xn—l l Xn)

Xy = X|

|
R p(Xp— 1] %)] < ‘*’g{w6( Y )'%n,l(Xk-ZIXk—l)

X, — x|
+ (;)6(|—_k——i—— )(@n,p_,_l(Xk_le)}

2p+2

R r(Xy|x) < wiexp{2:8 %) {wﬁ( l_x_:_)fﬂ) 4 wé( % —4’61[ )}t,.
Hence

an ﬁ 1/6()(,[) < (AJle'{znan '%nl,{6(Xn—1 l Xn)

< Puoffell (2]

+ an—-l‘%nl,éé(Xn—Z'Xn—l)}

R3(n—l)

RSn
apl/6
I)d)(n—l'%ﬂ.{ (Xn—2!Xn-v!)

(n—

< 4%3||w||2{2 : 26f

RJ(n-Z)an -2 %}”E{‘S(X" -3 ‘ X, 3)

+ 23&3(,,-2)6{)(””2%"1’46(Xn~3 I Xnvz)

1/6
+jé3(n_2)dxn—2'%n,§ (Xn_3\X"42)}

—1
S 21°"w;+‘||w“"r"exp{t—§—}
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Thus from (4.3)—(4.5), (4.7), and (4.8) it follows that

-1
sup | dX, K'5(X,|x) < (n!)l/zy”xj”(t)exp{ t—'i— + ln4w0}
xeR3VR"

vy = ngcHwHexp{ —zgl¢|o}’

—1 ~1
, x2=25exp{t%—}, K3=2'°texp{t£3— +t|A¢|O},

Ky =

2”g\/?exp{t—ﬁ%_—l}

Using the inequality

4 172 4
{ HKJVL‘(XM,-)[’C)} < X KA Xelx)
{m} ... {ng} i=1 {rm} ... {n4} j=1

taking into account (3.9), (4.1), (4.9) and making trivial computations we
derive the basic estimate

sup dx, pt(X, | X,) < nlexp{(m+ n)K(1)}
ijR3 R
where
4 2
2K(t) = Bpo + 2B, + 2y%exp{ Blo|, + 2t|tA¢|lo}( Zl xj(t))
=

18!
3

+ Indw,
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